
Generalized Hirota's bilinear equations and their soliton solutions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 L465

(http://iopscience.iop.org/0305-4470/26/10/001)

Download details:

IP Address: 171.66.16.62

The article was downloaded on 01/06/2010 at 18:36

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/10
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


3. Phys. A: Malh. Gen. 26 (1993) IA65-!A71. Prined in the UK 

LETTER TO THE EDITOR 

Generalized Hirota’s bilinear equations and their soliton 
solutions 

Xing-Biao Hut 
CCAST (World Laboratory). PO Box 8730, Beijing. 100080, People’s Republic of China 

Received 5 April 1993 

Absfract A generalized Hirota’s bilinear equation is considered. Funhermom two special 
forms of it are studied in some detail. Under certain conditions, we show that Ihe equations 
have one- or two-soliton solutions. The conditions under which the-soliton or N-soliton 
solutions exist are also given. Some examples are illustrated. 

Hirota’s bilinear method is now an important part of soliton theo~y (see, e.g. [1,2]). The 
idea behind it is to use some transformation to put the nonlinear evolution equation in a form 
which is quadratic in the dependent variable(s) and where,derivatives appear only through 
the bilinear operator defined below. It is known that many important nonlinear integrable 
equations such as KdV, Boussinesq and KP can be transformed into the following Hirota’s 
bilinear equation 

F(&,  4. Dy)f  . f = 0 (1) 
where F is an evendegree polynomial and the bilinear operator DtDYD; is defined by 

D:D:D;~(~,~,Y).~(x,~,Y) 

= (: -&)1($ - q($ - -&)n 

x d x ,  f, YMX’, t’, Y’)lx’=x.l’=,.y’=y. 

Once a nonlinear evolution equation is transformed into a Hirota’s bilinear equation, the 
latter seems to be easier to treat, e.g. to construct soliton solutions. Hirota proved [l] that 
there exist at least two-soliton solutions for (1) if F(0, 0,O) = 0. Moreover a sufficient 
condition on the existence of N-soliton solutions for (1) was also given. Hietarinta 131 
investigated the conditions for the existence of three-soliton solutions for (1) and found 
some new differential equations possessing threesoliton solutions. Unfortunately, equation 
(I) is only a very small class of nonlinear evolution equations. Therefore it is necessary to 
generalize (1) and then proceed to find more and more new integrable equations. In [41, 
we consider a generalized form of (1) 

I 

CHk(D.r. Dt, 4) [Fk(Dx, or, Dy)f. f] . [Gx(&, Dry Dy)f. f] = 0 (2) 
k=I 

t Mailing address: Computing Center of Academia Si”, Beijing, IW080. People’s Republic of China 
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where Fk, Gk, Hk are all polynomials of 4, D,, D, with constant coefficients. By imposing 
certain conditions on F k ,  Gk and Hk, we show that (2) possesses one-soliton solutions. A 
new integrable equation 

with al, az, j31~61.6~ being arbitrary constants, is found which is an extension of the 
Novikov-Veselov equation and the It0 equation. 

In this letter, we consider another generalization of (1) 

Here, for the sake of simplicity, we only consider the (l+l)-dimensional case and Hk, Fk. Gt 
are all polynomials with constant coefficients. If we set Hx(0, 0) = 0, k = 1,2,. . . , I ,  then 
it is easy to verify that (4) has the following one-soliton solution 

r = 1 +e" q = p x  +ai+qO- 

where p .  Q, qo are constants and 

Now we consider two special form of (4). 
First we consider the following special form of (4). 

where F ,  G ,  H are all polynomials with constant coefficients, and 

X(0,O) = 0 

H(-D,, -4) = (-l)fH(Dz, D,) 

Then we have: 

IF@, O)lz + IG(0, 0)12 # 0 

E = O  or I. 
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Proof. Direct calculation. 

Following Hirota's idea, we can show that equation (5) with condition (6) has N-soliton 
solutions 

qi  pix + Qit + q! H ( p j ,  ai) = 0 ,  i = 1,2, .  . . , N 

with 

eA'*= --IF@,* Q j I G f p t ,  Qd + (-1)'F(pk, Qx)G(pj, Qj) lH(pj  - px, Qj - Qx)  

X {[G(O, O)F(Pj + PX,  Q j  + Qx) 

+ (-1)'F(O, O)G(pj + PX,  Qj  + Qx)lH(pj + P I ,  Qj + ai)}-' 

where E,,,, indicates summation over all possible combinations of f i 1  = 0,1, y2 = 
0.1,. . . , f i ~  = 0, 1 ,  means the summation over all possible combinations of N 
elements under the condition j > k, and pi, ai, $ (i = 1 ,  . . . , N) are constants, provided 
that 

m 
Am,= F ( k $ ( l + U j ) ~ j +  p j ,  k i ( I + ~ j ) Q j +  2 Q j )  

0=+1 j=l j n + l  j=l j a + l  

for 1 < n  < m < N + 1 with 

PN+l = Q N t I  = 0. 

In what follows, we give two examples. 
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Example 1. 

(Dr - Dx)7tr . 7 = 0. (9) 

- oz. It is In this case, F(a/ax, aiat) = a2/at2, G(a/ax, aiat) = I, H(D,, 4) = 
easily verified that (8) is satisfied. So (9) has N-soliton solutions. Note that 

H(Pj - PK. Qj -ad = H(pj  + pk, Qj + Q,) = 0 

thus Ajx can be chosen arbitrarily. Now we introduce U = ( lnr)r ,  U = ;(ut - ur), then (9) 
can be transformed into 

U r  = U x  + 2u U, = -2uu 

which is just the Tu equation [SI. 

Example 2. 

(0, - D:) [ (5 - ")7] . r  = 0. 
at ax2 

Equation (10) also belongs to (5). According to proposition 1, (10) has two-soliton solutions. 
Introduce U = (1n7)~. U = (a/at - a2/ax2)r/r, then (IO) can be transformed into 

Ut = Uxx + 2UU, + U, Ur = ~ u x  + 6u.rvr. 

Next we consider another special form of (4) 

with 

H(O,O)F(O, 0) = 0. 

We have the following result: 

Proposition 2. Equation (11) with condition (12) has two-soliton solutions 

7 e'J1 + en2 + AI2e'Jl+'Jf 

with 

vi = pix  + Qit + V: F(pi ,  Q;) = 0 (i = 1.2) 

where pi. Q i ,  0: for (i = 1.2) are constants, and Alz is an arbitrary constant 

Proof. Direct calculation. 
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Further we assume 

F(-D,, -Dt) = (-I)f F(D,, D1) E = 0 or 1 

Proof. Direct calculation. 

In the following, we give some examples. 
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Example 3. 

This equation belongs to (11) with condition (12). so (20) has two-soliton solutions. 
Introduce U = (In& U = -+@/at - aZ/ax2)r/r, then (20) can be transformed into 

ut = U X X  + 2uu, - 2u, U, = U,, + 2u,v 

which is the first equation of the two-truncated KP hierarchy [6]. 

Example 4. 

(D, - D:) [ ( A  at - " ) r ] .  ax3 =o. 
This equation belongs to (11) with conditions (12) and (13). In this case, H(D,, Dt) = 1, 
F(D,, D,) = D, - 0:. G(a/ax, ap t )  = 1. By some calculations, we can show that 
(16H19) are satisfied and 

P I A I Z ~  
PZP3(Pl+ P2 + P3)' 

( P I  + P 2 ) h  .+ P3) 

(PI - h ) ( P I  - P3) 
A= = ( P Z  - P3) 

Quation (23) belongs to (11) 'with H(D,,D,) = 1, F(D,,Dt) = D: - Dz Z' 

G(a/ax, 3/80 = 1. By some calculations, we can show that (16H19) are satisfied and 
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So (23) has a threesoliton solution 

r = e'J' +em + e'J3 + A12e'Jl+'J' + AI3e'Jl+m + AZ3e'J2+'J3 + Al~e"+'J"'J3 

according to proposition 3, where 

qi = pix  + air + r$' ~2: - p' = 0 (i = ~ 2 . 3 ) .  

Introduce U = (lnz),, U = (a2/ar2 - a2/ax2)r/r, then (23) can be transformed into 

utt +u:  = u x x  +U:+ U vtr + 2vurt = U,, + 2 V U X X .  (W 

Finally, we give some concluding remarks. First of all, the results in this letter can 
be generalized to higher-dimensional cases. Secondly by means of computer algebraic 

find more new differential equations having three-soliton solutions. For example, we guess 
that the equation 

languages such aS MACSYMA, MAPLE, REDUCE and MATHEMATICA, it should be possible to 

has three-soliton solutions. It is a tedious task to check this by hand. However, it is practical 
to check whether or not (25) has three-soliton solutions by computer algebraic languages. 

The author would like to express his sincere thanks to Professor Tu Gui-Zhang for his 
guidance and encouragement. This work was supported by the National Natural Science 
Fund of China 
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