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LETTER TO THE EDITOR

Generalized Hirota’s bilinear equations and their soliton
solutions ' '

Xing-Biao Hut
CCAST (World Laboratory), PO Box 8730, Beijing, 100080, People's Republic of China

Received 5 April 1993

Ahbstract, A generalized Hirota's bilinear equation is considered. Furthermore, two special
forms of it are studied in some detail. Under certain conditions, we show that the equations
have one- or two-soliton solutions. The conditions under which three-soliton or N-soliton
solutions exist ase also given. Some examples ase illustrated.

Hirota’s bilinear method is now an important part of soliton theory (see, e.g. [1,2]). The
idea behind it is to use some transformation to put the nonlinear evolution equation in a form
which is quadratic in the dependent variable(s) and where derivatives appear only through
the bilinear operator defined below. It is known that many important nonlinear integrable
equations such as Kav, Boussinesq and KP can be transformed into the following Hirota’s
bilinear equation

F(Dy, D, Dy)f - f =0 (1
where F is an even-degree polynomial and the bilinear operator D), DP DY is defined by

Din’D;a(x, z, }’) N b(xa t, )‘)

_(a a)’(a a)"*(a a)_"
T\ox ax'j\ar ar) \8y ay
x a(x, t, y)b(x’; t, }") |x’=x.r’=£.y'=y-

Once a nonlinear evolution equation is transformed into a Hirota’s bilinear equation, the
latter seems to be easier to treat, e.g. to construct soliton soiutions. Hirota proved [1] that
there exist at least two-soliton solutions for (1) if F(0,0,0) = 0. Moreover a sufficient
condition on the existence of N-soliton solutions for (1) was also given, Hietarinta [3]
investigated the conditions for the existence of three-soliton solutions for (1) and found
some new differential equations possessing three-soliton solutions. Unfortunately, equation
{1} is only a very small class of nonlinear evolution equations. Therefore it is necessary to
generalize (1) and then proceed to find more and more new integrable equations. In {4],
we consider a generalized form of (1)

i ‘ .
Zﬂk(Dx, Dy, Dy} [Fi(Dy, Dy, DY) f - £+ [Go(Ds, Dy, D) f - f] =0 2

==l

t Mailing address: Computing Center of Academia Sinica, Beijing, 100080, People’s Republic of China.

0305-4470/93/100465+07807.50 (® 1993 [OP Publishing Ltd L465



L466 Letter to the Editor

where Fj, Gy, Hy are ail polynomials of D;, Dy, D, with constant coefficients. By imposing
certain conditions on Fy, Gy and Hy, we show that (2) possesses one-soliton solutions. A
new integrable equation

D: [(D3D; + e D} + B D D: +8,D:Dy + 52D} f - £ F2
+ D [(@2D: D} + 028 DD f - f]- f2 =0 (3)

with «y, o2, B1, 81, 82 being arbitrary constants, is found which is an extension of the
Novikov—Veselov equation and the Ito equation.
In this letter, we consider another generalization of (1)

a 9 3 9
ZHk(Dx.Dr)[Fk(a ar)r] [Gk(a,a)r]ﬂ. @

Here, for the sake of simplicity, we only consider the (1+1)-dimensional case and Hy, Fi, G
are all polynomials with constant coefficients. If we set H,(0,0) =0,k =1,2,...,!, then
it is easy to verify that (4) has the following one-soliton solution

T=1+e" n=pc+Qt+n®
where p, @, n® are constants and
]
3 [Felp, G0, ) Hip, ) + Fe(0,0)Gi(p, ) Hi(—p, —)] = 0.
k=1

Now we consider two special form of (4).
First we consider the following special form of (4).

2 @ a 3 '
H(D,, D) [F (E 5) z] - [c (E EE’H ~0 )

where F, G, H are all polynomials with constant coefficients, and

H(©,0)=0 ' |F(0,0)* +1G(0,0)[> # 0 ©
H(=Dy,—Dp) = (—1)*H(Dx, D) ¢=0orl.
Then we have:
Proposition 1. Equation (5) with condition (6) has two-soliton solutions
T =1+ eM e 4 Apente )

where n; = pjx + it + n?, H(p;, Q) =0F%or (i = 1,2), p;, S 37? are constants and

Az = —[F(p1, 21)G(p2, Q2) + (1) F(p2, ) G(p1, QUIH(p1 — p2, Q1 — )
x {[G(0, 0)F(p; + p2. C1 + Q2)

+ (1) F O, OG(p1 + P2, O + IWH (1 + P2, R + )]
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Progf. Direct calculation.

Following Hirota’s idea, we can show that equation (3) with condltlon (6) has N-soliton
solutzons ‘

: {N)
T= Z exp (Eﬂqﬂf + Zl-‘;#kAJk)
u=0,1 i=l =k
m o= pix + Qut + 1} Hp, Q) =0 i=12..N
with
e = —[F (p;, QG (P, Q) + (1) F (pr. QG (py, QYH () — Pro 4 — )
x {[G(O, OYF(p; + pr, 2 + ) '

+ (=) F O, 0G(p; + 11 @ + QA + 1o @ + R}

where Zu=o,: indicates summation over all possible combinations of #; = 0,1, 2 =
0,1,...,uxn = 0,1, Z}ﬂ means the summation over all possible combinations of N

elements under the condition j > &, and p;, @4, n? ( = 1,..., N) are constants, provided
that
Amn= Y (Z L +opp; + }: Pj» Z Ja+op+ 3 sz)
o=+] J=n+1 Jj=1 J=n+1
xG(Z {1 =o0p)p;+ Z pjs Z (l—cr,)szj-t— Z 9)
_,r—n+1 Jj= j=n+l
xH(Za,p},Zo] )
J=I

b3 Uf';)k[ (G —odp; + 30+ o) pr (1 —o)Q; + 15(1—-5- o))

x G(3(1 —op)pe + 3(1 + 0))pp, 3(1 — 00 + (1 + 7))

+ (=D F (30 ~ 0 pe + 3 +0))p, 501 — o) + 51 + 7))

x G = oy)p; + (1 + 00k, 101 — 0@y + 31 + o))

x H{owpy — o pj, 048 — ;2)) 030, = 0 » " (8)
f0r1<'n<m<N+1wiﬂ1

P = Syy =0

In what follows, we give two examples.
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Example 1.
(D= D) -t =0. 6]

In this case, F(3/8x,8/8t) = 82/81%, G(8/8x,8/3t) = 1, H(Dy, D)) = D, — D;. It is
easily verified that (8) is satisfied. So (9) has N-soliton solutions. Note that

Hpj—pu. S — ) =H(p; + pr, 4+ Q) =0

thus Aj; can be chosen arbitrarily. Now we introduce i = (Int), v = %(u, - iy}, then (9)
can be transformed into

Uy =y + 2y Yy = —2uy
which is just the Tu equation {5].

Example 2.

. 2
(D; — DY) [(% - %)1] =0, 10)

Equation {10) also belongs to (5). According to proposition 1, (10) has two-soliton solutions.
Introduce & = (ln 7),, v = (3/9t — 82/3x%¥) 1/, then (10) can be transformed into

Uy = Uey + 200 -0 Yy = Upyey + 600

Next we consider another special form of (4)

H(D.. D)F(D., D) [F(%%)t] . [G(%%)r] =0 (11)
with

H(,0)F(0,0)=0. (12)
‘We have the following result:
Proposition 2. qufation (11) with condition (12) has two-soliton solutions

T =¢eV +e® 4 Apeltn (13)
with

m=px+Qut+al  Fp,@)=0 (=12
where p;, 8;, n? for (i =1, 2) are constants, and A;, is an arbitrary constant.

Proaf. Direct calculation.
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Further we assume
F{—Dy,— D)) = (=1 F(D.. D) e=0o0r1l ‘ (14)
-and set
H(Dx, D) = H(Dy, D)F(D,, Dy).
Then we have:
Proposition 3. Equation (11), with conditions (12} and (14), has three-soliton solutions
T = €M 4 €% 4 €7 + Ape™ TR o AR 1 Agge™ R - 4 ypem (15}

with 77 = pix + it + 1y F(p;, Q) = 0 with G = 1,2,3) and pr, Q.70 G = 1,2,3),
Ap, Az, Ags, Ajps being constants, provided that
AF (P + P2 Q + Q22)G(p3, Q) H (p1 + p2 — pa, & + Q2 — $2)

+ AF (P + 3, S + Q3)G(p2, QIH (p1 + p3 — p2. Qi + Q3 — Q)

+ AnF(pz+ p3, 0+ 2)G(pL, QAP+ 3= P 2+ - Q) =0
(16)

AAplF(p+ p2, Qi + )G (p1 + p3, & + B)H(pz — p3, 22— Q)
+ Flp1+ p3. Q1+ Q)G (a1 + po, Q1 + QI H (3 — 3, 25— @)
+ Ajs F{p1 + p2 + pa, @ + Q2 + Q)G (ps, Q:)&(Pz-i- P38+ 83} =0
' an
AnAn[F(py + p2, Q1+ 0)G(p2 + p3, Q + ) H(p1 — p3, Q& — Q)
+ F(p2+ p3. S + Q)G (p1 + P2, €1 + Q) H (p3 — p1. 0 — Q)]

+ A F(py+ po+ pa, 0+ Q2+ D5)G (P2, ) H(p1 + p3. Q +23) =0
(18)

Az An[F(p1 + p3, S + 23)G(p2 + p3. Q2 + D) H{p1 — p2, Q1 — )
+ F(pa+ p3, Qg + Q)G (p1 + p3, O + Q) H (ps — pr1, 2 — )]

+ A F(py+ py+ ps, Q1 + Q2+ 23)G (p3, Q) H (p1 + pa. Q4 +82) = 0.
' {19

Proof. Direct calculation,

In the following, we give some examples.
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Example 3.

0= (L - 2] x =0 20)
PP e Tt
This equation belongs to (11) with condition (12), so (20) has two-soliton solutions.
Introduce &« = (Int),, v = ~-,‘1,(6‘/31‘ — 3%/9x%)t/7, then (20) can be transformed into
Up = Uy -+ 201, — 20, Yy = Vg + 20,0

which is the first equation of the two-truncated KP hierarchy [6].

Example 4.

(D, — D% A& z|-z=0 (21)
! N8t 9xB -
This equation belongs to (11} with conditions (12) and (13). In this case, H(Dy, Dy) =1,

F{D.,, D) = D, — D?E, G(d/8x,8/3t) = 1. By some calculations, we can show that
(16)(19) are satisfied and .

_ (p + P3)({{g;+ D3) (7L~ P2 Padz
(p1 — p3X(pz — p3) P172(p1 + p2 + p3)

12

13

_ (1t P22+ p3) (71— D) P2Ar23
o —p2pi—p ' N pipapr + p2 + p3)

(p1 + p2)(p1 + p3) PiAin
23 = - {;z—p .
(p1 — p2)(p1 — p3) p2p3(p1 + p2 + p3)
So (21) has a three-soliton solution
T=eM e 4 e b AT 42T HB L g L A paehtiatn

where n; = pix + S&it + n?, 83 — p,-3 =0for ({ =1,2,3). Introduce ¥ = (In7),, v =
(8/8t —83/8x*)7/7, then (21) can be transformed into

B = Hyry - 3tllicr + 3u§ + 3ulu, + v, Up = Upgx + Bl V. (22)
Example 5.

5 ) 8_2 82
(Dr - D.t) [(@ —--a?) 'E:l -t =0. 23)
Equation (23) belongs to (11) with H(D,,D) = 1, F(D,,D) = D? - D?,
G(8/3x,8/8t) = 1. By some calculations, we can show that (16)(19) are satisfied and

Ay = \/ Av(ia + Jis + Js)(di3 + J3)
(Jiz + J13)(J12 + F3)

A= A23Gha + iz + ) (12 + Fa3)
(Ji2 + 713} (13 + J23)

Ay = A iz + iz + )2 + 13)
(J12 + J23) (13 + Ja3)
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with

Jij = Q4 — pipj.
So (23) has a threé-soliton solution

T=e" 4 e™ 4 e® + Ape™ R - A13eM B L 4pae B - A pppeM TR
according to proposition 3, where

m=px+Qttny  QG-pi=0 (=123
Introduce & = (Int),, v = (8%/8r% — 5%/8x%) 7/, then (23) can be transformed into

U AU =ty + U+ Vit + 20Upp = Uz + 2l (24)

Finally, we give some concluding remarks. First of all, the results in this letter can
be generalized to higher-dimensional cases, Secondly by means of computer algebraic
languages such as MACSYMA, MAPLE, REDUCE and MATHEMATICA, it should be possible to
find more new differential equations having three-soliton solutions. For example, we guess
that the equation

0 -0 (2- 2 Y] v =0 (25)
R AT T

has three-soliton selutions. It is a tedious task to check this by hand, However, it is practical
to check whether or not (25) has three-soliton solutions by computer algebraic languages.

The author would like to express his sincere thanks to Professor Tu Gui-Zhang for his
guidance and encouragement. This work was supported by the National Natural Science
Fund of China. '
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